We give a model for composite quarks and leptons based on the semisimple gauge group SU(4), with the preons in the 10 representation.
Introduction
Although the repetition of quark-lepton families is strongly suggestive of composite structure, no plausible composite model has yet emerged, and the current focus of research on unification is based on the alternate idea of grand unification. In this paper we reexamine the idea of compositeness in the context of a new model for the formation of composites.
Nearly all work to date on composites has assumed a "QCD-like" paradigm, in which the preons couple to a hypercolor force field, that acts independently of the standard model gauge fields (by a group theoretic direct product) and binds the preons into hypercolor singlets.
Although based on well-studied physics, this approach suffers from a serious problem relating to chiral symmetry. In general, the direct product structure leads to a large global chiral symmetry group, even after the breaking of the overall U(1) chiral symmetry by instantons.
As a consequence, the 't Hooft anomaly matching conditions [1] must be obeyed if massless composites are to be possible, and extensive searches for solutions to these equations [2] show none that match the observed particle spectrum. When the 't Hooft conditions are not obeyed, a chiral symmetry breaking condensate must form on the binding scale of the theory, as happens in QCD; the composites then get large masses, and composite structure with a large hierarchy ratio is not possible.
We propose in this paper an alternative approach to composite structure, based on a partial grand unification using a hypercolor group and preonic fermion multiplet structure for which the hypercolor forces are frustrated, in the sense that hypercolor singlet fermionic states are forbidden. This, we argue, can set in motion a cascade of symmetry breaking that leads to quark lepton composites (and further matter bound states of these), in which the impossibility of fermionic hypercolor singlets translates into the participation of all fermionic composite states in spin-1 gluon mediated gauge interactions. Specifically, we study the hypercolor gauge group SU(4), with the preons in a single 10 representation of Dirac fermions.
We establish a symmetry breaking route by which the known structure of the standard model emerges, with the correct family multiplicity, but (as distinguished from conventional grand unification) with the intermediate boson states arising as composites of three fundamental gluons. It is this latter feature that permits the unification group to be as small as SU(4).
Counting relations for generalized "rishon" models
Since our construction uses some of the basic notions of the Harari-Seiberg [3] "rishon" model version of the Harari-Shupe [4] scheme, we briefly explain the relevant aspects here. The original Harari-Shupe scheme hoped to generate SU(3) symmetry as a permutation symmetry acting on the preons, which is not possible within standard complex quantum field theory; moreover, despite an extensive investigation [5] that we have carried out of noncommutative quaternionic quantum mechanics, we still have found no concrete way to realize a dynamically generated exact color symmetry. So instead, following Harari and Seiberg, we will assume that the SU(3) color group is present as a subgroup in the fundamental gauge interactions, which are treated in standard quantum field theory.
In the Harari-Seiberg model, the fundamental preons are postulated to be "rishon" states T and V , and their antiparticle states T and V , with electric charges Q and SU (3) trialities T ri assigned as follows:
Q(T ) = 1/3, T ri(T ) = 1, Q(T ) = −1/3, T ri(T ) = −1 Q(V ) = 0, T ri(V ) = −1, Q(V ) = 0, T ri(V ) = 1.
(
The quark and lepton states in the first family are then constructed as three preon composites according to the scheme
with the corresponding expressions for e − , u, d, ν obtained by replacing T, V by T , V . Defining the particle numbers n T , n V , n e , n u , n d , n ν as the difference between the number of particles and antiparticles of the indicated type (counting e − , as usual, as a particle) we immediately find from Eqs. (1) and (2) the following counting relations
from which we find 1 3
Since Eq. (1) implies that the electric charge Q is given by
if we define the baryon number B, lepton number L, and preon or fermion number F by
the electric charge can be rewritten as
Finally, making the definitions
where R, L denote left, right helicity components, we can rewrite Eq. (4c) by virtue of Eqs. (4b) and (3b) as
¿From these manipulations, and the requirement that the electric charge Q be conserved, we can draw two general conclusions about any preonic scheme obeying the charge, triality, and composite state assignments of Eqs. (1) and (2) . From the first equality in Eq. (4c), we learn that at the preonic level, the electric charge must be constructed from the ungauged conserved total preon number F and a conserved gauged U(1) charge proportional to n T − n V . From Eq. (5b), we learn that in an effective gauge theory of the composites, the electric charge necessarily has the form found in left-right symmetric [6] , which by a well-understood symmetry breaking mechanism can give the standard SU(2) L × U(1) Y electroweak model, and so we expect to make the connection with standard model physics by this route.
The role of the 10 and 15 representations of SU(4)
The properties of SU(4) that are needed for our model are given in Tables 25-27 of the review by Slansky [7] , and some related properties of SU(3) that we use are given in Tables 23 and 24 . Our model will consist of a single representation 10 of Dirac fourcomponent fermionic preons gauged [8] by the 15 adjoint representation of SU (4) . Following the standard practice of rewriting Dirac spinors as left-handed Weyl spinors, our model is thus constructed from a 10 L and a 10 L of two-component Weyl spinors; since it is vectorlike, there are no gauge anomalies and the model is renormalizable. Because the 10 representation has quadrality 2, the 10 has quadrality −2 ≡ 2 modulo 4, and so any odd number of preons has quadrality 2 modulo 4. Thus fermionic composites can never be SU(4) singlets, and so the hypercolor forces in the model are frustrated [9] .
We postulate that as a consequence, the SU(4) symmetry is spontaneously broken into the maximal SU(3)×U(1) subgroup by a condensate, to be discussed further below, characterized by an energy scale that is much smaller than the characteristic scale Λ H at which the SU 4 running coupling becomes strong. Even at the scale Λ H , a very small asymmetric perturbation is enough to specify the favored subgroup into which the SU(4) symmetry breaks, and moreover, when the running coupling becomes large, small asymmetries can be amplified and have a decisive effect on the dynamics. Thus our operating assumption will be that because the model is frustrated, at the scale Λ H where the SU(4) dynamics becomes strongly coupled, the theory reorganizes itself according to the SU(3) content of the SU(4)
multiplets. More specifically, we shall assume that in each sector characterized by definite preon number and SU(3) triality the fundamental fields with triality nonzero bind to form composites characterized by the smallest SU(3) Casimir available for that triality. Let us now explore the consequences of this assumption.
We begin with the gluon 15 multiplet, which under SU(4) ⊃ SU(3) × U(1) decomposes as
where the numbers in parentheses are the U(1) charges, for which we adopt a normalization that is 1/4 of that used in Slansky's Table 27 . We see that the multiplet contains 9 gluons that are U(1) neutral: the U(1) force carrier 1(0) and the 8 SU(3) force carriers 8(0). If we imagine all SU(4) states displayed on a three dimensional plot with the U(1) charge running along the z axis, then these 9 gluons lie in the xy plane, and we shall refer to them collectively as "horizontal gluons". The remaining 6 gluons of SU(4) consist of two SU(3) triplets 3 and 3, with U(1) charges ±1/3; we shall refer to these collectively as the "vertical gluons". According to our fundamental assumption, in the sector with U(1) charge 1 and angular momentum 1, three vertical gluons in the 3 representation will bind, picking up horizontal gluon components of the wave function as needed, to form an SU(3) singlet composite vector meson state with U(1) charge 1; similarly, the three 3 gluons will bind to form a vector state with U(1) charge −1. These composite vector states will ultimately play the role of components of the intermediate vector bosons W ± . Thus, our picture is that the adjoint representation of the SU(4) group "folds" in a manner dictated by the decomposition into SU(3) × U(1), with horizontal gluons remaining as massless gauge gluons, but with the vertical gluon triplets binding to form two color SU(3) singlets that will become the charged weak force carriers.
We turn next to the 10 L and 10 L representations, which under SU(4) ⊃ SU(3)×U(1)
where the U(1) charge normalization is again 1/4 of that used by Slansky. Since the SU (3) 6 representation has triality 2 ≡ −1 modulo 3, if we assign states S L , T L , and V L to the 10 of SU (4), and their antiparticles correspondingly to the 10, according to
then the T and V states have the trialities required by Eq. (1). Furthermore, since the ungauged preon number n 10 = n 10 L − n 10 L and the U(1) charge Q U (1) are both conserved, a satisfactory definition of the conserved electric charge operator Q at the preonic level is
according to which the charges of S, T , and V are
in agreement (for T and V ) with the charge assignments of Eq. (1). Therefore the T and V preonic states in the 10 and 10 give a realization of the "rishon" model. According to our fundamental assumption, in the three preon angular momentum 1/2 sector the T 's and V 's will bind, picking up horizontal gluons as needed, into the states with lowest SU(3) Casimir for each triality (the S's are color singlets and so do not directly participate), giving color triplet quarks and color singlet leptons according to the scheme of Eq. (2).
Chiral symmetry structure of the model
We turn next to the crucial issue of the chiral symmetry structure of the model, and its implications for the spectrum of massless particles. Because the fermion representation structure is simply 10 L + 10 L , there are only two global symmetry currents. The first,
is the conserved vector preon number current, whose conserved charge is n 10 . The second,
is an axial current, the conservation of which is broken by the U(1) axial anomaly. The effect of SU (4) instantons, combined with the U(1) anomaly, is to induce an effective chiral symmetry breaking potential which has the structure
with SU(4) and Lorentz indices contracted to form singlets (the details of this do not concern us), and with the exponent in Eq. (12) taking the value 6 because this is the index ℓ(10)
of the 10 representation given in the Slansky [7] tables, which is one half the number of fermion zero modes [10] in an instanton background.* Under a chiral transformation of the left-handed fields,
the symmetry breaking potential of Eq. (12) transforms as
and so breaks the continuous chiral symmetry of the Lagrangian down to a discrete Z 12
with k any integer.
We now follow a remark of Weinberg [11] that a Z K chiral symmetry can protect certain massless composites from acquiring masses, together with a suggestion of Harari and
Seiberg [12] , that a Z K chiral symmetry can be used as a quantum number to distinguish between different quark lepton families. Because there are no conserved global axial vector * Equation (4.31) of Peskin [10] writes the exponent of Eq. (12) as k = n 10 C(10) + n 10 C(10), with Peskin's n 10 = n 10 = 1 the number of Weyl spinors, and with Peskin's C(10) = C(10) = 3 = ℓ(10)/2 one half of the Slansky index ℓ (10) . currents in the model, there are no 't Hooft anomaly matching conditions to be satisfied, and so this Z K analysis, with K = 12 in our case, is the sole criterion governing the appearance of low mass composite fermion states. We begin by noting that any fermionic composite is constructed from an odd number of fields ψ 10 , ψ 10 or their adjoints; therefore (since, if the sum of two integers is odd, so is their difference) the general composite monomial, which we denote by the Dirac spinor Ψ N , transforms with an odd power 2N + 1 under the Z 12 chiral transformation of Eqs. (13a-c),
which, since γ 5 has eigenvalues 1, −1 on L, R chiral states, can be written as
Let us now analyze the circumstances under which (i) two different monomials Ψ N , Ψ M , N = M behave as members of distinct families, and (ii) the monomial Ψ N is protected from acquiring a mass.
Assuming that the low energy effective theory remains a gauge theory, two different monomials Ψ N and Ψ M will represent distinct families if the chiral transformation of Eqs. (14a, b) forbids the occurrence of a vector coupling
to a chirally invariant gauge potential A µ . Thus the occurrence of the coupling of Eq. (15a)
will be forbidden if 
is invariant under the chiral transformation of Eqs. (14a, b), and (if neutral) it can acquire a Majorana mass [6] if reduces to k/2 and is noninteger for odd k, and integer for even k. Hence in all cases the composite Ψ N is required to remain massless by the Z 12 invariance.
We next consider what happens to the mass analysis when Z 12 is broken into one of its subgroups. When Z 12 is broken to Z 6 , the 6 in Eq. (16c) is replaced by 3. In this case, for N = 0 we still have 2N + 1 = 1, and for N = 2 we have 2N + 1 = 5 ≡ −1 modulo 3, and so in both of these cases Eq. (16c) remains a noninteger as long as k is not divisible by 3, and the corresponding Ψ N is required to remain massless. On the other hand, when N = 1 we have (2N + 1)k/3 = k, which is always an integer, so the N = 2 family is no longer protected by discrete chiral invariance from acquiring a mass. Thus of the three distinct families left when Z 12 is broken to Z 6 , two remain massless, but the composites in the remaining one can acquire masses. When Z 12 is broken to Z 4 , the 6 in Eq. (16c) is replaced by 2. We now have (2N + 1)k/2 = Nk + k/2, which is always nonintegral for odd k irrespective of the value of N. Hence the two distinct families left when Z 12 is broken to Z 4 remain massless. Finally, when Z 12 is broken to Z 2 , the 6 in Eq. (16c) is replaced by 1, giving (2N + 1)k which is always an integer. The composites in the one remaining distinct family can then acquire masses.
leads to a family mixing and mass generation chain
while a symmetry breaking chain
leads to a family mixing and mass generation chain there are three distinct families, two of which are protected from acquiring mass; at the Z 4 level two massless families remain, but they mix with the third heavy family; while at the Z 2 level the three Z 6 or two Z 4 families mix to form one family, all states of which can acquire mass. We shall leave to a future investigation a detailed study of the mass and mixing matrices that arise from this scheme. However, even without a detailed analysis, it is clear that for the model to be phenomenologically viable, the scale corresponding to the condensate appears even when only one family is present, although not required [13] by the anomaly matching conditions, which are satisfied for one family.)
To conclude this section, let us address the wider question of what groups and fermion representations could permit an analogous chain leading to 3 families. Clearly, for a representation with index ℓ, the analog of Eq. (15b) implies that the number of initially massless distinct families is ℓ. Our analysis shows that it is not possible to get 3 massless families without heavy partners, since when ℓ = 3 we found that only 2 of the 3 families were protected from acquiring masses. In fact, among all the Lie groups catalogued by Slansky [7] , only the group SU(5) has a representation, the 10, with index 3. Under SU(5) ⊃ SU(3) × SU(2) × U(1), the 10 decomposes as
and so if we define the charge as
we get two representations with the charge and helicity assignments assumed in Sec. 2.
However, there are problems -since five 10's can bind to form a hypercolor singlet, there is no reason for non-singlet composites to dominate, and also, the V is an SU(2) doublet while the T is an SU(2) singlet. Nonetheless, this model deserves further study. One could also consider groups with representations with index ℓ larger than 6 but still divisible by 3. These include the 27 of SO (7) with index 18, the 28 of SO (8) with index 12, the 54 of SO (10) with index 24, the 52 of F 4 with index 18, the 78 of E 6 with index 24, the 133 of E 7 with index 36, and the 248 of E 8 with index 60. However, for ℓ = 3k massless families with k > 2, the number of fermions becomes so large that SU (3) is no longer asymptotically free. Hence models based on representations with ℓ > 6 require an intermediate breaking to SU(n) with n > 3, followed by a further breaking to SU(3)
accompanied by a reduction in the number of families.
The electroweak sector
We turn next to an examination of how electroweak forces acting on the composite quarks and leptons arise in our model. Far below the SU(4) scale Λ H , the gauge gluons that are present are the 9 horizontal gluons that mediate color SU(3) and U(1) forces and, we have argued, color singlet composites of the vertical gluons. We begin by showing that in the absence of a condensate breaking Z 12 to Z 6 , the vertical composites cannot account for the weak interactions. To see this, consider a transition from a d quark to a u quark, which according to Eq. (2) is, in rishon terms, a transition T V V → V T T , and by Eqs. (3a), (3b), (4b) and (9) obeys the selection rules
On the other hand, absorption of the color singlet composite of three vertical gluons in the 3 representation causes the transition T V V → V T T , and obeys the selection rules
So evidently the selection rules for the weak interactions and for the composite of three vertical gluons are mismatched, and can be brought into correspondence only through the action of a Lorentz scalar (or pseudoscalar) color SU(3) singlet condensate C obeying the selection rules,
which, acting in conjunction with the absorption of a composite of three vertical 3 representation gluons, converts the selection rules of Eq. (21b) to those of Eq. (21a). Similarly, the absorption of a composite of three vertical 3 representation gluons requires the action of the conjugate condensate C obeying the corresponding selection rules,
to produce the weak interaction transition u → d.
Referring to the assignments of the SU(3) components of the 10 L state given in Eq. (8), the following two possible condensates have the quantum numbers of Eq. (22a), To sum up the discussion thus far, we have argued that an explanation of the weak interactions requires, and the force and multiplet structure of our model makes it likely that there exists, a condensate of sixth degree in the fields of the 10 representation. This condensate breaks the initial Z 12 discrete chiral symmetry to Z 6 , and thus has exactly the structure needed in the analysis of Sec. 4 to convert the initial six massless families to three families. In its role in allowing the exchange of vertical gluon composites to cause weak interaction transitions, the S state functions as an analog of the "doorway states" [14] of nuclear physics.
Let us now determine the algebraic structure of the resulting weak interactions, making throughout the assumption that the minimal algebra required by the quantum numbers is the one that occurs. Because the composites of three3 or three 3 vertical gluons have electric charge Q = ±1, their action on the fermionic composites takes place only within the doublet pairs u, d or e, ν differing by one unit of electic charge. Hence the minimal algebraic structure containing their gauge charges is an SU(2) of operators
with W + the gauge charge associated with the composite formed from three 3 vertical gluons, with W − the composite formed from three 3 vertical gluons, and with
In the Appendix, we give an explicit calculation based on the SU (4) Hence before the condensate is turned on, we must have two distinct families W e,o A of SU (2) charges associated with three vertical gluon exhange, with the following behavior under the Z 12 transformations of Eq. (14),
which implies that both sets of charges are invariant under the Z 6 chiral subgroup that survives when the condensate is turned on. Identifying the charges W e with the W 's introduced above Eq. (24), the minimal algebra with an SU(2) structure in which Eqs. (24) and (25) are both satisfied is evidently
which can be immediately diagonalized by forming the combinations W (4) gauge invariance, and since the breaking of local gauge invariances is possible only after gauge fixing [17] , it would appear that any associated Goldstone bosons should be gauge variant, and therefore may not be physical. This is a subtle point that needs to be studied. (iii) As we have already noted, the condensate has integer U(1) charge and therefore partially breaks the original U(1) gauge invariance, so that Q U (1) is only conserved modulo an integer and B − L is only conserved modulo 2. At the same time, the condensate is electrically neutral and so does not break conservation of the electric charge Q. Thus our model is consistent with the emergence, after all symmetry breakings, of an unbroken electromagnetic U(1) gauge field, but the detailed route by which this happens has to be established.
The renormalization group and the gauge hierarchy
According to the picture developed in the preceding sections, the gauge forces associated with SU(4) are responsible both for preonic binding at a high scale Λ H , and for the electroweak forces and the strong QCD force at much lower scales Λ EW and Λ QCD . What can be said about the relation between these scales? An analysis of the relation between Λ EW and Λ QCD , and of the value of the Weinberg angle, will require a detailed understanding of the dynamics of the condensate and its effect on the U(1) couplings, and will not be attempted here. However, since the condensate is a color singlet it has no effect on the evolution of the SU(3) coupling, allowing us to consider the relation between Λ H and Λ QCD as a simpler problem isolated from electroweak complications.
There are then three regimes to consider. For energies well above the scale Λ H , the SU(4) running coupling describing the coupling of the preons is given by
while for energies well below Λ H and well above Λ QCD , the SU(3) running coupling describing the coupling of composite quarks is given by
[There are actually four regimes to be considered, since the running of the SU(3) coupling speeds up below the scale where the three heavy partners of the quarks in the three families are frozen out; we shall assume that this scale is much closer to Λ QCD than to Λ H , and ignore this complication in the following discussion.] For energies in the vicinity of Λ H , neither of these formulas applies, since the SU(4) coupling is strong, leading to the binding of both preons and vertical gluons on a length scale Λ
−1
H . Tracing the dynamics across this strong coupling region is a complicated but in principle calculable problem, the result of which will be a "connection formula" fixing the relation between the scales Λ H and Λ QCD . The result of this calculation, we shall now show, can always be expressed as the value of the coupling g 2 * at the point µ 2 where Eq. (27a) and the high energy extension of Eq. (27b) intersect, i.e., where
Such an intersection always exists provided that b SU (4) is larger than b SU (3) , in other words, provided the SU(4) coupling is running faster than the SU(3) coupling, since then the ratio
is smaller than unity for µ 2 just above Λ H but approaches the value
which is larger than unity, as µ 2 → ∞. In terms of the coupling g 2 * at the intersection, the relation between the scales Λ H and Λ QCD takes the form
The values of the renormalization group beta function coefficients b SU (3),SU (4) can be computed from the formula [7] 
The relatively large exponent in Eq. (32) is a result of the small ratio b SU (3) /b SU (4) = 9/32, expressing the fact that the SU(3) coupling runs much more slowly than the SU(4) coupling as a result of the large number of composites created by the binding of the preons, and so in this respect the behavior of our model is reminiscent of the behavior of "walking technicolor"
[18] theories. Equation (32) can give a large hierarchy ratio for values of g * not much smaller than unity; for example, for g * = 0.7 one finds Λ H ∼ 10 16 GeV, and hence a large hierarchy ratio is natural in our model.
For our model to be compatible with experimental limits on proton decay, it is crucial that the hierarchy ratio be very large, and that the vertical gluons, as well as the preons, be confined within a radius Λ H . This dependence of the proton decay rate on the high mass scale is compatible [19] with experimental bounds, for values of Λ H well below the Planck mass.
Possible supergravity embeddings
We turn finally to the issue of the embedding of our model in a larger structure, including gravitation. We first remark that if our model is augmented by an SU (4) 6 representation of Majorana fermions, the basic mechanisms discussed above can still work.
The quadrality of the 6 is also 2, and so the SU(4) forces remain frustrated in the fermionic sector. If the 6 representation develops its own Z 2 condensate at a high mass scale, it acts as an inert spectator in the Z 12 chiral symmetry breaking chain for composites formed within the 10 representation, although it could make a contribution to the masses of these composites in the final stages of chiral symmetry breaking.
Let us now turn to consider gravity, or more specifically, supergravity. The existence of extended supergravity multiplets at one time briefly raised the hope that all matter fields, and gravitation, could be unified within one extended graviton multiplet. This hope could not be realized, however, in the framework of grand unification models or direct product hypercolor composite models, because the symmetry groups involved are too large to fit within the largest (N = 8) extended graviton multiplet [20] . An attractive feature of the model presented here is that this objection no longer applies: the SU ( 
Appendix. The three vertical gluon composite gauge algebra
We compute here the gauge algebra corresponding to the action of a three vertical gluon composite on a preon bound state. Since the gluons couple to the preons through the representation matrices for the 10 representation of SU (4), we must first construct these matrices. We do this by starting with the representation matrices Λ A for the fundamental 4 representation (an explicit representation for them will be given shortly), and using the 
with δ a b = δ ab the Kronecker delta.
As discussed in the text, the 10 representation of SU(4) contains a 1, a 3, and a 6 of SU(3); let us order these so that the label (44) denotes the 1, the label (4a), a = 1, 2, 3 denotes the 3, and the label (ab), a, b = 1, 2, 3 denotes the 6. We have seen that the weak interactions require the intervention of a condensate S At this point in the calculation it is convenient to introduce a specific representation for the SU(4) fundamental representation matrices Λ A . Let λ A , A = 1, ..., 8 be the standard Gell-Mann matrices for SU(3); then we take the first 8 SU(4) matrices to be
where we use the notation diag(α, β) to indicate a 4 × 4 block diagonal matrix with a 3 × 3 diagonal block α and a 1 × 1 diagonal block β. The remaining 7 SU(4) matrices consist of the U(1) generator 
which obey the algebra
where D kℓ is the 3 × 3 matrix with matrix elements
together with
If we now write the 10 representation matrices of Eq. (A1) for the 6 vertical gluons in corresponding non-self-adjoint raising and lowering operator form, we get 
with a, b = 1, 2, 3 only. Thus this submatrix has the same structure as the corresponding 4
representation matrix τ ± k acting on a 4 of SU(4) constructed from the S and V states, and therefore to study the algebra of the three vertical gluon composites as it acts in the SV subspace, it suffices to study this algebra using the 4 representation matrices of Eq. (A4).
This calculation is relatively straightforward. The charge operators U ± , which describe the action on 4 representation preon triples with charge matrices τ (1) , τ (2) , τ (3) , of the triality 0 composites formed from the triplet and antitriplet of vertical gluons, are
with C kmn a tensor determined by the internal structure of the three gluon composite. From the algebraic properties of τ matrices in Eq. (A5a-c), we see that
with K the constant
and with P the projector P = diag(0, 1) (1) diag(0, 1) (2) diag(0, 1)
.
So defining charge operators W ± and W 3 by
we see that
Thus the W charges obey the SU(2) algebra of Eq. (24) of the text, irrespective of the detailed structure of the internal wave function C kmn .
